Quantization of Electric Flux in Spin Josephson Effect and Spin-FET 
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We study spin Josephson effect in the presence of external magnetic and electric field. The 
magnetic field can be used to maintain spin supercurrent between two antiferromagnetically coupled 
atomic spins, or to overcome the dipole-dipole interaction in a junction made by ferromagnetic 
metal. The Josephson spin current couples to electric field via spin-orbit coupling or Aharonov- 
Casher effect, which implies a (^-junction that can be controlled by electric field, and quantization 
of electric flux defined by $_e = EL, where L is the trajectory that electric field E is applied. This 
quantization also manifests itself in spintronic devices such as the current-voltage characteristics of 
spin-FET, and the persistent spin current due to Aharonov-Casher effect in a ring. 
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Introduction.- The basic principle of spintronics is to 
utilize spin current, instead of charge current, to trans- 
port information. Various mechanisms such as spin field 
effect transistor(spin-FET)[lJ, spin-transfer torque 
and spin pumping|4j have been proposed to generate and 
control the spin current, which made building practical 
devices possible. The spin current generated by these 
means is analogous to charge current generated from a 
battery, which means a certain way of energy delivery 
is necessary to maintain the spin current. On the other 
hand, the discovery of spin Josephson effect [Hl-Hoj indi- 
cates the possibility to build devices with dissipationless 
spin current. By weakly coupling two systems that break 
50(3) symmetry in spin space, a spontaneous spin cur- 
rent flows across the junction. Speaking in general terms, 
spin Josephson effect also covers the spin supercurrent in- 
duced between two ferromagnctically or antiferromagnet- 
ically coupled atomic spins, if the two spins show certain 
noncollinearity. [ll - 13 1 

A natural consequence of the spin current, in combi- 
nation with angular momentum conservation, is the pre- 
cession of order parameter, [il [Hi 14 1 in such a way that 
one Goldstone mode becomes dynamical while the whole 
junction remains in equilibrium. This fascinating phe- 
nomenon of spontaneous precession, often overlooked in 
the literature, serves as a new mechanism for a SO(3)- 
breaking order parameter to precess. However, such pre- 
cession decays rapidly within the scale of nanoseconds 
due to Gilbert damping, which also dissipates the en- 
ergy stored in the junction and diminishes the spin su- 
percurrent. Moreover, as demonstrated later, the direct 
dipole-dipole interaction between two sides of the junc- 
tion is much larger than the Josephson effect, and di- 
minishes the spin supercurrent within a time scale much 
shorter than the precession period. Hence to build a prac- 
tical device, it is necessary to use certain handles, such as 
external fields, to overcome these mechanisms and main- 
tain the spin supercurrent in a junction or between two 
atomic spins. 

In this Letter, we study the effect of static external 



magnetic and electric field on the spin Josephson effect, 
and demonstrate their importance in building practical 
devices. There are two classes of spin Josephson effect 
in a junction according to the condensate that trans- 
ports the Josephson spin current. In the first class, 
the spin supercurrent is carried out by spinful Cooper 
pairs, for instance the combination (ejej) — (ejej) in the 
triplet SC/insulator/triplet SC junction. Q In the sec- 
ond class, the spinful particle-hole pair (c|cj.) does the 
job, as in ferromagnetic metal/insulator/ferromagnetic 
metal(FMM/I/FMM) junction. [gj] We focus on the sec- 
ond class because of the following reasons: (l)The order 
parameter of FMM couples to external magnetic field 
directly and affects the Josephson spin current. (b)The 
charge neutral but spinful (c|cj,) couples to external elec- 
tric field via spin-orbit interaction (SOI) or Aharonov- 
Casher(AC) effect. (c)There is no Josephson charge cur- 
rent in this problem. We show that magnetic field can be 
used to overcome the direct dipole-dipole interaction in 
such junction, as well as to maintain the spin supercur- 
rent between two antiferromagnetically coupled atomic 
spins. The spin supercurrent oscillates periodically with 
external electric field, which leads to quantization of elec- 
tric flux defined by electric field multiplied by the trajec- 
tory. As the magnetic flux quantum serves as a reference 
for precise measurement of magnetic field, we anticipate 
that electric flux quantum can have important applica- 
tions in precise measurement of electric field. Such quan- 
tization also manifests itself in other spintronic devices, 
such as the current-voltage characteristics of spin-FET 
and persistent spin current in a ring due to AC effect. 

FMM /l '/FMM junction.- Wc start from the 
FMM/I/FMM junction without any external field. 
We follow the analysis in Ref. but with a different 
mean field treatment of Hubbard interaction 

CTnt(rK(r) -> -c|(r)c^(r)A(r) - c |(r)c t (r)A(r)t (1) 

to describe bulk FMM, where At = U(S+) = U{S X + 
iS v ) = U(ctci). The reason to use this mean field scheme 
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is that our magnetization lies in the S x S y '-plane with 
an angle 9 that is also the phase of A = |A|e* e , hence 
the dynamics of magnetization is directly related to the 
uncertainty relation [9, S z ] = i, as demonstrated below. 

We can directly utilize the formalism in Ref. @ to cal- 
culate the spin current by setting m = (2U/3)(S Z ) = 
therein. Considering the case |Aj,| = |Aj?J = |A|, and a 
phase difference 9 = 9l — Or. The spin supercurrent due 
to coherent tunneling of (ejej.) is 

Js = ±<iV Lt -JV u ) = I^S(O,|A|) S in0 

- J° sine = N (SI) = -N{S z R ) (2) 

where \T\ 2 represents the tunneling amplitude, and TV is 
total number of sites on either side of the junction. The 
function S(a, b) satisfies S(a, 0) = and 5(0, b) ^ 0. Eq. 
^ implies that magnetization on each of the junction ro- 
tates out of 5 a: 5 y -plane but in opposite direction, hence 
the precession of the magnetization is realized. Notice 
that this precession does not affect our mean field treat- 
ment as long as A is defined on a rotating reference frame. 

Eq. |(2J) implies that the dynamics of the magneti- 
zation can be mapped into an effective two-spin model 
H2- S pm = Jeff^L ■ S_r, where J e ff = J°/7V5 2 , and 
5 is the magnitude of magnetization per site. [lll4l3j 
Within this two spin modcl(which ignores the crucial 
direct dipolc-dipole interaction of the two spin reser- 
voirs, as addressed later), if the two spins are devi- 
ated from their collinear ground state by 9 in the S x S y - 
plane, then the spins precess due to uncertainty relation 
[9, S z ] = i, as demonstrated in Fig. HJa). This is the 
same principle that causes precession and spin supercur- 
rent in the FMM/I/FMM junction. @, Q The current 
is related to bound state energy stored in the two spins 
Eb = JeffS 2 cos 9 by 

(5£) = -dE b /d9 (3) 

which is analogous to the relation between Joscphson cur- 
rent and Andreev bound state I = —dEt/dcj). 

Precession of the magnetization implies that the spin 
supercurrent described by Eq. ([2]) has its direction of 
polarization constantly change with time, due to rota- 
tion of S x S y -plane. Thus the spin supercurrent is an ac 
current from a lab observer's point of view, even though 
the precession is analogous to dc Josephson effect. Defin- 
ing the direction of magnetization as (S x ) = 5, the spin 
supercurrent from a lab observer's point of view is 

Jf ab = — a J e ffS 2 sin 9 sin ivt 

Jiab = a JeffS 2 sin 9 cos u)t (4) 

where a is the lattice constant, and ui = 2J e ffScos(9/2). 

Effect of static magnetic field.- We now discuss the 
effect of magnetic field by assuming that direct dipolc- 
dipole interaction between two FMM's can be ignored, 
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FIG. 1: (color online) (a)Mutual precession of Sr and Sl 
for ferromagnetic coupling J < 0. The gray area that two 
spins span is the rotating S x S y -plane. The xi a b, Vlab, and 
ziab denote the coordinate from lab observer's point of view. 
(b)Proposed 2DFMM/2DEG/2DFMM junction. The circu- 
lar magnetic field produced by straight wire pointing out of 
plane controls the angle of magnetization and maintains the 
Josephson spin current J 3 (polarized out of plane). The phase 
shift of (^-junction can be controlled by the gate voltage. 



and address the validaty of this assumption later. The 
effect of static magnetic field can be described by adding 
the potential — (//ibB^-S^ — gfis^R'^R into the effective 
two-spin model where, in general, and B^ do not 
have to be equal. Its effect is twofold. Firstly, for a 
uniform field of the scale of exchange coupling g/is^R = 
gfiB^L ~ Jeff, the total energy is 

Q 

Etotai = E b + E B = JeffS 2 cos 6- 2giJL B BS cos- (5) 

The sign of J e // depends on 5(0, |A|), which is deter- 
mined by several bulk parameters. We emphasize that 
J e ff > and Jeff < junctions behave differently un- 
der magnetic field. For ferromagnetic coupling J e ff < 0, 
Lamour precession and Josephson precession are along 
the same direction, so magnetic field speeds up the pre- 
cession. The precession then decays due to Gilbert damp- 
ing. For antifcrromagnetic coupling J e ff > 0, Eq. © 
implies an angle 

*o = 2arccos(!g£) (6) 

that minimizes E to tai, at which no precession occurs. 
This is because Lamour precession and Josephson pre- 
cession arc in opposite direction. Whatever is the initial 
angle, the system releases to #o through Gilbert damping, 
and then the two spins remain static in this energy min- 
imum. However, the spin supercurrent persists due to 
Eq. ([3]). This spin current has a fixed direction of polar- 
ization that depends on the orientation of the two static 
spins. Therefore the application of magnetic field stops 
the precession at 9 = 9q and creates a persistent, field- 
adjustable dc spin supercurrent for the J e ff > case. 
This serves as a novel mechanism to maintain a spin su- 
percurrent, up to a time scale that practical usage, such 
as transporting information, is feasible. 
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Although this magnetic field induced spin supercurrent 
is likely to be hindered by the direct dipole-dipole inter- 
action in a realistic FMM/I/FMM junction, as addressed 
later, it can be realized in two atomic spins coupled an- 
tiferromagnetically via superexchange mechanism. [IlJ In 
such case, the spin current due to back and forth hopping 
of electrons is J e ffSn x Si, analogous to Eqs. ([2]) and 
([3]), which causes two spins to precess. The dipole-dipole 
interaction is typically several orders smaller than J e ff- 
Applying magnetic field controls the angle of two spins 
via Eq. ©, stops the precession and hence no Gilbert 
damping, and yields a static interatomic spin current via 
Eq. (j3|). Applying this mechanism to a bulk antiferro- 
magnet is a more delicate issue as it involves the quantum 
fluctuations in the canted antiferromagnetic state, [161-121 
which will be addressed elsewhere. 

Secondly, if <7/xbB# ^ di^B^Li but the two fields are 
of the same scale as J e f / (assuming dipole-dipole inter- 
action can be ignored), the spins rotate with time and 
the relative angle 9(t) changes with time, analogous to ac 
Joscphson effect. [l0( In such case, the equation of motion 
is nonlinear and there is no guarantee that 8(t) would be 
periodic in time, unlike in SC Josephson effect where the 
voltage across the junction determines the periodicity of 
phase difference. Note that SC Josephson effect has only 
one energy scale \i that determines the dynamics of the 
U(l) phase, whereas in spin Josephson effect there are 
two energy scales {[1b (Br — Bj,) , Jeff} that determine 
the dynamics of 6(t). Lastly, if g/isBi S> Jeff, then 
the two spins are pinned along the direction of Bj with 
negligible precession or vibration. 

Effect of static electric field. - We now address the effect 
of electric field on the FMM/I/FMM junction. Applying 
a gate voltage on the thin insulating interface has two ef- 
fects. Firstly, for a 3D junction, it changes the potential 
barrier at the interface, thus changing the tunneling am- 
plitude |T| 2 . Therefore one should replace J° J°(E) 
and J e ff —> J e ff (Ei). Secondly, for an interface with 
Rashba SOI, the propagation of spinful (clcj,) pickes up 
a phase that depends linearly on the electric field. For 
an interface without SOI, the AC effect gives a phase of 
the same form. This can be understood by constructing 
a Ginzburg-Landau(GL) free energy for the FMM order 
parameter that contains AC phase 



/ = fno + a\ij\ 2 + ^| 4 - |- 1 (d x - ik Qx )^\ 2 (7) 
2 2m 



where ko = fi x (7 + AE) and k$ x is its component along 
the junction(not to be confused with the rotating refer- 
ence frame of magnetization) , and m represents the effec- 
tive mass. 7 represents the intrinsic Rashba SOI and A 
characterizes the field dependence, and A = 1/hc 2 if only 
AC effect is present. Defining the dimensionless quantity 
g(x) = tp(x)/ , ip oc = ip x /(—a/[3), its value in the interface 



< x < L where electric field is applied is 

g{x) = (1 - lyko** + £g-i*0.(£-*)+< 

L L 



(8) 



such that it satisfies the boundary condition g(fi) = 1 and 
g{L) = e l6 , and the Laplace equation (d x — iko x ) g = 
0.[22j The GL free energy integrated over the interface 
is AF = Atfip^/Lm [1 - cos (6 - k 0x L)}, where A is the 
cross section area. Therefore the AC phase changes the 
bound state energy, and by Eq. ([3]) or by expression of 
current from Eq. (|7|) one gets 



J s = J°(E)sin(6-<p AC ) 



(9) 



where ipAC = A* x (7 + AE) • icL. If direction of the two 
spins are fixed by anisotropy or strong magnetic field (sec 
below) then \i is fixed and Eq. @ implies a (/^-junction 
that the phase shift can be arbitrarily controlled by the 
gate voltage. In this case, one certainly has to disregard 
the angular momentum conservation and the precession 
of magnetization described by Eq. However, as long 
as the two magnetizations point at different directions, 
the spin supercurrent still flows with polarization [j, || 
Sfl x Sl- Therefore controlling the spin supercurrent by 
electric field, as described by Eq. (f9]), is still feasible. 
This situation is very similar to the spin-FET,jlj in the 
sense that transmission of spin current across two FMM's 
can be controlled by gate voltage, except we are in the 
quantum regime and the spin current is spontaneous. 

Consider the case that the magnetization of the two 
FMM's are fixed by strong magnetic field or anisotropy, 
so /x is fixed and E x fj, || x. The periodicity in the argu- 
ment of Eq. ([9]) implies quantization of one dimensional 
electric flux 
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$ B = EL = n— = n$ 
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E ■ 
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If only AC effect is present and assuming (clcj,) has mag- 
netic moment g\iB with g re 2, then $ ( g = hc 2 /g/iB — 
3.215 x 10 6 y. The spin supercurrent oscillates with pe- 
riodicity and in principle can be measured by de- 
tecting the induced electric dipole field. [H, [24| Although 
the flux quantum § E has been mentioned schematically 



in Ref. 1 251 . it was not until our proposal does this flux 
quantum have a concrete meaning, i.e. from the peri- 
odicity of Joscphson spin current. In reality, the SOI is 
important to observe this quantization. Because for AC 
effect alone in a thin interface of size ~ fim, it requires an 
unreasonably large field to even observe one flux quanta. 
This reflects the fact that AC effect is extremely small 
compare to other interference effects such as Aharonov- 
Bohm(AB) effect. 

In reality, the oscillation with flux quantum may be 
smeared out due to the field dependent critical current 
J°(E). This can be overcomed by considering a planar 
junction that sandwiches a 2D electron gas between two 
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2D FMM's (2DFMM /2DEG /2DFMM) . Then the gate 
voltage does not change the tunneling barrier because the 
motion of (ejej.) is confined in 2D, so J°(E) — > J°. In 
addition, the strong SOI in 2DEG may reduce the value 
of flux quantum to a more observable region. For a 2D 
junction of the size //m 2 , one can estimate J° by assum- 
ing \T\ ~meV, A ~ 10 _1 eV, and density of states Np ~ 
1/eV, and we adopt the formula of critical current for 
estimation 7° = gfi B Tr 2 N F A\T\ 2 N /h ~ 10 6 gfJ, B /s,^ 
where N ~ 10 3 is number of cross section channels by 
assuming lattice constant a ~ nm. The induced dipolar 
field 23J gives a voltage drop ~ 10 _9 V for two points 
that are r ~ 10 -5 away from the junction, which is 
within the precision of current technique. This yields 
J e fj ~ 10 _15 eV and the precession period ~ s. 

However, in contrast to two coupled atomic spins, the 
direct dipole-dipole energy in a FMM/I/FMM junction 
is not negligible. For one spin on the left, the dipole- 
dipole energy from all the 10 6 spins on the right is 
Udip ~ 10 _10 eV, which is much larger than J e // and 
tends to align the magnetizations along the direction of 
the junction. This means even if the two spins are pre- 
pared to be noncollinear, their dynamics is not deter- 
mined by the spin Josephson effect but the dipole-dipole 
interaction, so the precession of spins and the ac spin 
current described by Eq. |4] are unlikely to be observed 
in a realistic junction. Moreover, the spin current de- 
cays within the scale of h/Udip ~ 10 _5 s. This motivates 
us to propose the device in Fig. QJb) that uses mag- 
netic field to overcome the dipole-dipole interaction. A 
current carrying wire is placed above and along the di- 
rection of interface, which produces a magnetic field that 
is larger than the dipole-dipole energy but smaller than 
the Hubbard interaction in Eq. ([TJ, Udip <C QHbB <C U . 
The magnetic field pins the direction of magnetization, 
so no precession occurs, but the spin current and the ef- 
fect of electric field are well described by Eq. (|9|). Ideally, 
the spin current persists as long as the magnetic field is 
present. 

Eq. © demonstrates a significant difference between 
spin Josephson effect and SC Josephson effect. In SC 
Josephson effect, although propagation of Cooper pairs 
is coupled to the gauge field via AB effect, the effect 
of gauge field does not show up unless the junction is 
made into a closed trajectory such that the phase in- 
tegrated along the path (2e/K)§ A ■ d\ = 27r<I> B /<F 3 3 is 
gauge invariant. Superconducting quantum interference 
devices (SQUID) are designed according to this principle. 
In spin Josephson effect, the propagation of (c|cj.) cou- 
ples to E x fi which is not a gauge field, therefore one 
can apply an electric field to control the Josephson spin 
current even in an open trajectory like Fig. [ljb). 

The quantization of electric flux should also show up in 
spintronic devices that use polarized electrons to trans- 
port the spin current, as long as the electrons remain 
phase coherent along the trajectory. For instance, the 



original proposal of spin-FET in Rcf. [j] already im- 
plies this quantization. In an ideal ID spin-FET, the 
spin current is proportional to cos 2 (A8/2), where AO = 
(kf — k±) L = 2mrjL/Ti 2 . The SOI parameter r\ corre- 
sponds to ti 2 /j ie \~f + XE\/m from Hamiltonian of the form 
of the last term in Eq. ([7]) . The period of oscillation indi- 
cates A6 = 2nn = 2Xfi e EL = 2tt$ e /§ e . Therefore the 
electric flux, once again defined as field multiplied by the 
trajectory, is quantized with the same flux quantum(if 
one assumes fi = 2fj, e in Eq. (fTOjl). Since the field is 
controlled by the gate voltage, this quantization should 
show up as the periodicity of current- voltage characteris- 
tics. Note that the intrinsic SOI is r\ ~ 3.9 x 10 _12 eVm in 
2DEG, which gives L(A6 = tt) = 0.67/Ltm.[H Assuming 
(c\ Ci ) in the 2DFMM/2DEG / 2DFMM junction experi- 
ences the same order of r] and L(A9 = n), then Eq. © 
implies one can control the phase shift of the <p-j unction 
by changing the width of 2DEG in (im scale, which is 
within the reach of current techniques. 

The quantization in spin-FET is analogous to the per- 
sistent charge current in a metallic ring, [2^] where the 
quantization of magnetic flux is seen as long as the elec- 
trons remain phase coherent. Whether the charge cur- 
rent is carried by electrons or Cooper pairs is not es- 
sential to this quantization. Along this line of argu- 
ment, the persistent spin current in a ring due to AC 
effect also manifests this quantization. Following Ref. 
26l . this can be seen from the spin-dependent phase shift 
of eigen energies E n ($AB + &z&ac)- The total energy 
E = J2 n En summing over occupied states changes pe- 
riodically with and so is the spin current calcu- 
lated by J s (x Tr a z dE/d<5> ac- 

Conclusions. - In summary, we show that magnetic field 
can be used to maintain the spin supercurrent between 
two antiferromagnetically coupled atomic spins, or to 
overcome dipole-dipole interaction in a FMM/I/FMM 
junction. The spin current couples to the electric field 
via SOI or AC effect, which implies a ^-junction that can 
be controlled by the electric field or width of the inter- 
face. The spin current oscillate periodically with electric 
field, which gives a concrete meaning to the quantization 
of electric flux. In the case of pure AC effect, the flux 
quantum $ E = hc 2 /gfj,s is determined only by funda- 
mental constants. 
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